In this paper, we propose a class of moment-based tests for copulae in a parametric multivariate dynamic context for financial returns. The proposed method takes into account the effect of estimation uncertainty. This effect is quite important but often ignored in related studies. Our method can be applied to generate various tests to detect copula mis-specification in different directions. In particular, on the basis of the conditional probabilities of quantile-exceedances (Kendall's tau), it generates the tail-dependence tests (the concordance test) that can be used to investigate whether the copula being tested is suitable for characterizing the true tail-dependence (concordance) structure. Such tests may be useful for exploring the cross-dependence structures of financial returns that are essential for risk management and other purposes. The Monte Carlo simulation supports the validity of our method. As a demonstrative application, we also apply these tests to an empirical study of stock market relationships.
INTRODUCTION
There is a rapidly growing interest in modelling the cross-dependence structures of financial returns by methods involving copula that deal with different problems, such as market relationships, Value-at-Risk (VaR), derivatives pricing, portfolio optimization, and financial contagion; see, e.g., Cherubini, Luciano, and Vecchiato (2004) . The rising popularity of this approach may be explained by its flexibility in accommodating different return distributions and various cross-dependence structures. This flexibility permits researchers to be free of the classical scope of normality and linear correlation; see, e.g., Embrechts, Lindskog, and McNeil (2003) for its importance in financial economics. Nevertheless, there is a wide variety of parametric copulae that could imply quite different cross-dependence structures; see, e.g., Hutchinson and Lai (1990) and Joe (1997) . To avoid the biased conclusions caused by copula mis-specification, we should check the adequacy of copula models in characterizing the true cross-dependence structures by formal statistical tests.
In empirical studies, researchers are used to choosing copulae by the Akaike information criterion or other similar criteria. Another popular approach is to evaluate copulae based on Rosenblatt's (1952) multivariate probability integral transformation (PIT) theorem. This approach is closely related to the issue of evaluating the (multivariate) conditional probability density models, studied by Diebold, Gunther, and Tay (1998) and Diebold, Hahn, and Tay (1999) , among others. The PIT theorem implies that the derivatives of the true copula, taken with respect to its margins and evaluated at the true PIT of returns, must be U (0, 1)-distributed. Accordingly, several studies apply the classical goodness-of-fit tests, such as the Kolmogorov-Smirnov test or Pearson's χ 2 test, to check this uniformity hypothesis or its variants; see, e.g., Klugman and Parsa (1999) and Breymann, Dias, and Embrechts (2003) , among many others. However, these classical tests are designed for the simple hypotheses that contain no unknown parameters, and their practical applications may not be theoretically valid for the reasons described below.
It is well recognized that financial returns have the stylized fact of volatility clustering and stock returns may even have the leverage effect; see, e.g., Engle (1982) , Bollerslev (1986) , and Nelson (1991) . This means that financial returns are unlikely to be dynamically independent. As such, the role of returns in the PIT should be replaced with the standardized residuals of certain properly specified GARCH-type models that characterize the dynamic dependence structures. The parametric copula-based multivariate dynamic (CMD) models introduced by Hu (2006) , Jondeau and Rockinger (2006) , and Patton (2006a,b) are established by considering this fact. Because the GARCH-type models and most parametric copulae include some unknown parameters, the practical use of the classical tests must be based on certain parameter estimates. In this situation, the hypotheses are composite, rather than simple, and the classical tests encounter Durbin's (1973) problem, which means that their test statistics are not asymptotically pivotal in the presence of estimation uncertainty; see, e.g., Khmaladze (1981) and Fermanian and Scaillet (2004) . Consequently, it may not be theoretically adequate to test the copulae of financial returns using the classical tests.
Recently, Chen, Fan, and Patton (2004) contributed two density-estimates-based copula tests in a semi-parametric CMD context. Their tests are invariant to the substitution of estimates for parameters and hence free of the estimation uncertainty. The densityestimates-based tests are of unspecified alternative hypotheses and general power directions. This is a good property in terms of test consistency. Nonetheless, financial analysts may also be interested in specific structures of cross-dependence for certain reasons. For example, they may want to concentrate on the concordance structure for exploring the financial market co-movements in normal times, the tail-dependence structure for assessing the VaR of portfolios, and the correlation asymmetry for risk management. In such situations, it becomes more important to consider the copula tests that have specific power directions, rather than universal powers.
In this paper, we introduce a flexible class of moment-based copula tests in a generalized parametric CMD context. This class of tests takes into consideration the estimation uncertainty effect. By being based on different moment conditions, it can be applied to generate various copula tests with distinctive power directions. In particular, on the basis of Kendall's tau (the conditional probabilities of quantile-exceedances), it yields the concordance test (the tail-dependence tests) for checking the mis-specification of comovement (tail-dependence). These tests may shed light on the possible sources of copula mis-specification. This property is not only important for the above-mentioned financial applications but is also essential for copula re-specification. A Monte Carlo simulation demonstrates the importance of correcting the estimation uncertainty effect in testing copula and provides evidence that supports the validity of our tests. In our empirical study, we apply the proposed test to explore stock market relationships. By using the daily returns of seven stock indices, we observe that the normal and t copulae evidently outperform the Gumbel and Gumbel-survival copulae.
The rest of this paper is organized as follows. In Section 2, we discuss the parametric CMD context and establish the proposed method. In Section 3, we demonstrate the applicability of the proposed method. Section 4 includes a Monte Carlo simulation. Section 5 contains an empirical study. Finally, we conclude the paper in Section 6. The Appendix presents a simple estimation method used in this study.
THE PROPOSED METHOD
Let y t := (y 1t , y 2t , . . . , y nt ) be an n × 1 vector of continuous random variables at time t for some fixed n with " " denoting the operator of transpose, and I
t−1 i
be an information set generated by Y t−1 i := (y i,t−1 , y i,t−2 , . . .) and some pre-determined variables at time t with i = 1, 2, . . . , n. Given the information set I t−1 := (I 
for all y := (y 1 , y 2 , . . . , y n ) ∈ R n . This demonstrates that we may establish a parametric CMD model for F o y (·|I t−1 ) by coupling the marginal models for the F o y i (·|I t−1 )'s with the copula model for C o (·|I t−1 ).
To establish the marginal models, we consider the following multivariate framework:
where x t is a vector of I t−1 -measurable random variables; m t := m t (x t , α) is a n×1 vector with the ith element m it := m it (x t , α i ); h t := h t (x t , α) is a n×n diagonal matrix with the ith diagonal term h it := h it (x t , α i ); α := (α 1 , α 2 , . . . , α n ) is an a × 1 parameters vector in the parameters space A, α i ∈ A i ⊂ R a i is an a i × 1 parameters vector, and a = n i=1 a i ; ε t := (ε 1t , ε 2t , . . . , ε nt ) is the standardized errors vector with ε it := h −1/2 it (y it − m it ), IE[ε it ] = 0, and var[ε it ] = 1, and ε it |x t has the conditional distribution F ε i (·|x t ; β i ) with a b i × 1 parameters vector β i ∈ B i ⊂ R b i and the conditional probability density function:
we also denote β := (β 1 , β 2 , . . . , β n ) ∈ B ⊂ R b and b := n i=1 b i . This generates the marginal models:
with the parameters vector γ i := (α i , β i ) ∈ Γ i ⊂ R a i +b i ; i = 1, 2, . . . , n.
Let C(·|x t ; θ) be a copula model, being used to approximate the true conditional copula C o (·|I t−1 ), that has the parameters vector θ ∈ Θ ⊂ R r . By coupling the marginal models with this copula model, a generalized parametric CMD model is derived:
F y (y|x t ; λ) := C (F y 1 (y 1 |x t ; γ 1 ), F y 2 (y 2 |x t ; γ 2 ), . . . , F yn (y n |x t ; γ n )| x t ; θ) ,
where λ := (γ , θ ) is a (a+b+r)×1 vector of parameters with γ := (α , β ) . This context encompasses the copula-based models of Hu (2006) , Jondeau and Rockinger (2006) , and Patton (2006a,b) . The constant conditional correlation (CCC) model of Bollerslev (1990) and the dynamic conditional correlation (DCC) models of Engle (2002) and Tse and Tsui (2002) are also encompassed by this context and correspond to the case of conditional multivariate normality where the F y i 's and C are both normal.
The key feature of this context is that the parameter vectors γ i 's are separable for different i's. This permits us to present the marginal models as a set of univariate GARCHtype models conditional on the same information set I t−1 . Accordingly, we can estimate the γ i 's separately before the copula analysis. As demonstrated by Bauwens, Laurent, and Rombouts (2006, Section 2. 3), the CCC (or DCC) model and the copula-based models of Jondeau and Rockinger (2006) and Patton (2006a) are in the same sub-class of multivariate GARCH-type models obtained by certain nonlinear combinations of univariate GARCHtype models. This interpretation applies to the generalized CMD model (4). The VEC model of Bollerslev, Engle, and Wooldridge (1988) and the BEKK model of Engle and Kroner (1995) are other types of multivariate GARCH-type models that may not have completely separable parameters for various i's. This difference makes the CCC and DCC models much easier to estimate than the VEC and BEKK models; see, e.g., Engle and Sheppard (2001) , Engle (2002) , and Tse and Tsui (2002) . In addition to this advantage, the CMD model can also be flexibly applied to explore the cross-dependence structures using various C's.
The aim of this study is to propose a class of moment-based tests for copulae in the context of (4). To focus on testing the copula model, we make the following assumption:
[A] The marginal models are correctly specified in the sense that there exists some unique vector γ io := (α io , β io ) ∈ Γ i at which
By comparing (1) with (4), it is clear that, given assumption [A], the model F y (·|x t ; λ) is correctly specified for the true conditional multivariate distribution F o y (·|I t−1 ) if the null hypothesis:
for some unique θ o ∈ Θ, is satisfied. is a n × 1 vector of U (0, 1) random variables. 
We will base our test on the following statistic:
and establish the asymptotic null distribution of √ TD T using the generalized first-order asymptotics of Phillips (1991) to take into account the effect of estimation uncertainty.
Let ∇ α i , ∇ β i , and ∇ θ be the partial derivative operators taken with respect to α i , β i , and θ, respectively. Denote
If φ is twice continuously differentiable, then we can apply the standard Taylor expansion to show that
in which
; the "o p (1)" term is due to the √ T -consistency of estimators and a certain uniform law of large numbers that are needed as regularity conditions for the standard first-order asymptotics; see, e.g., Davidson (1994) and White (2001) , among many others.
By using a suitable law of large numbers, we may further show that
if ε it is shown to be, or assumed to be, independent of x t . Consequently, we can re-express (6) as
This demonstrates that, because of the estimation uncertainty, the asymptotic null distribution of √ TD T will not be free of the asymptotic distributions of
The theoretical inadequacy of testing copulae using the classical tests discussed before arises due to ignoring such an effect. This asymptotic method is standard for twice continuously differentiable testing indicators. By using the "generalized function" approach that Phillips (1991) introduced to construct the asymptotic normality of the least absolute deviation estimator, it may also be extended to the φ's composed of the indicator function:
The validity of (7) for such φ's may be justified by the arguments of Phillips (1991, p.453-455) and will be supported by our Monte Carlo simulation. This is due to the fact that, although the indicator function is not differentiable in the ordinary sense, it is "differentiable" in terms of generalized functions and has the "generalized derivative":
where δ represents the Dirac delta function (or the so-called impulse symbol).
The Dirac delta function is a generalized function that can be understood as the limit of a delta sequence, such as the limit of the N ( o , σ 2 ) probability density functions sequence as σ 2 → 0 + . Interestingly, this generalized function is known to have the sifting property (or said the reproducing property):
where μ denotes a "test function" for linear functionals of δ; see Gelfand and Shilov (1964 ), Bracewell (1999 ), and Kanwal (2004 , among others. By using this property and the definition of expectation, we will be able to establish the indicator-function-based tests that are free of δ in their practical applications; see Section 3.2 for more details.
To accomplish the asymptotic null distribution of √ TD T , we consider the estimation methods that have the following properties:
and and the null hypothesis. However, this one-stage method is not necessarily easy to implement when the marginal and copula models are complicated. In practice, it would be much easier to estimate λ o using certain multi-stage estimation methods. For this purpose, Patton (2006b) proposed a useful two-stage estimation method that first estimates γ io by maximizing the likelihood function of the marginal model F y i (·|x t ; γ i ) for all the i's, and then estimates the copula parameters θ o by maximizing theγ T -based likelihood function of F y (·|x t ; (γ T , θ ) ).
In the Appendix, we summarize the formulae for ψ o α,it , ψ o β,it , and ψ o θt obtained from a minor variation to the two-stage method. Specifically, before estimating θ o , this method first estimates α io using the Gaussian quasi-ML (QML) method for all the i's, and then estimates β io by maximizing theα iT -based likelihood function of F y i (·|x t ; (α iT , β i ) ) for all the i's. Clearly, this three-stage method is not considered for the estimation efficiency because the resultingγ iT may be less efficient than that of the two-stage method in the case of conditional non-normality if the marginal models are correctly specified. Instead, this method is motivated by the fact that it could make the estimation of the marginal models even easier. Moreover, the Gaussian QML method is useful for estimating and testing the partially specified models: m it 's and h it 's in a robust way before analyzing the F ε i 's. This "bottom-up" procedure is important for obtaining the suitable standardized residuals to build the fully-specified (marginal) models; see, e.g., Wooldridge (1990 Wooldridge ( , 1991 and Bollerslev and Wooldridge (1992) for more discussions. Nonetheless, it should be noted that the M test is applicable to all the estimation methods with the properties: (9), (10), and (11), including this three-stage method and the above-mentioned one-stage and two-stage methods.
By introducing (9), (10), and (11) into (7), we can obtain the following transformation:
where 
with the asymptotic variance-covariance matrix
Because this result has taken into account the effect of estimation uncertainty, Ω o is more complicated than IE[φ ot φ ot ], i.e. the asymptotic variance-covariance matrix of T −1/2 T t=1 φ ot , that ignores this effect. Nonetheless, we may still easily estimate Ω o by using a simple outer-product estimator: Under the condition that Ω o andΩ T are non-singular, we can define the test statistic:
that has the standard asymptotic null distribution:
as implied by (13). Hereafter, we will refer to the M T -based test as the M test. In the case where q = 1, we can also express the M test statistic as
T . This statistic has the asymptotic null distribution N (0, 1), and its sign may contain some useful information about the discrepancy between the true and postulated cross-dependence structures. This moment-based test can check various types of the copula mis-specifications by choosing suitable φ's, as we will discuss in Section 3.2.
APPLICABILITY
In this section, we first review some representative bivariate copulae (n = 2) and their cross-dependence structures, and then apply the M test and suitable φ's to establish the concordance test and the tail-dependence tests on the basis of this discussion.
Copulae and Cross-Dependence
For notational brevity, our discussion will mainly focus on the static copulae. Following Jondeau and Rockinger (2006) and Patton (2006a) , the results can be easily extended to the dynamic copulae by re-specifying the parameters of the static copulae as certain dynamic functions of x t . The details will be discussed later. Sklar's (1959) theorem indicates that for a continuous bivariate random variable with the joint distribution G : R 2 → [0, 1] and the marginal distributions G i : R → [0, 1], i = 1, 2, there exists a unique copula C such that
Given the PITs: u 1 = G 1 (v 1 ) and u 2 = G 2 (v 2 ), this result can be re-expressed as
where
is the quantile function of G i , i = 1, 2. Note that C has the same parameters vector as G and the C-survival copula is defined as
Let g and g i be the probability density functions of G and G i , respectively. The copula C has the density function:
Formula (16) can be viewed as a general form of parametric copulae depending on the choice of G.
If G is a distribution of two independent random variables:
then (16) becomes the independent copula:
If G is the standardized bivariate normal distribution with the correlation coefficient ρ ∈ (−1, 1), then (16) generates the normal copula:
where Φ −1 is the quantile function of N (0, 1). If G is Gumbel's type-B bivariate extreme value distribution with the parameter ϑ ∈ (0, 1], then (16) yields the Gumbel copula:
Given C G , we can also define the Gumbel-survival copula:
that has the parameter ϑ s ∈ (0, 1]. If G is the bivariate t distribution with the parameter ρ ∈ (−1, 1) and the degrees of freedom ν, then (16) becomes the t copula:
where t −1 ν is the univariate Student's t quantile function with the degrees of freedom ν, and ρ is the correlation coefficient if ν > 2. The t copula reduces to C N as ν → ∞. The normal and Gumbel (Gumbel-survival) copulae degenerate to C I , which implies no cross-dependence, as ρ = 0 and ϑ = 1 (ϑ s = 1). Besides the case of C I , the copulae C N , C G , C s G , and C t may imply different cross-dependence structures, as discussed below. A pair of uniform random variables is said to be concordant (dis-concordant) if their observations tend to cluster around the 45 o (-45 o ) line: u 1 = u 2 (u 1 = 1 − u 2 ). In the copula literature, it is common to measure concordance (or dis-concordance) by using Kendall's tau:
This measure is always bound in [-1,1] . Its sign represents the direction of concordance (positive for concordance and negative for dis-concordance), and its magnitude indicates the strength of concordance (or dis-concordance); see, e.g., Nelsen (1999) . It is quite easy to see that C I implies τ = 0 (no concordance). It is also known that for the copulae C N and C t ,
is a monotone transformation of ρ; see, e.g., Fang, Fang, and Kotz (2002) ; for C G , τ = 1 − ϑ must be non-negative. Therefore, unlike the normal and t copulae, C G and C s G are unable to interpret the structure of dis-concordance.
Let c N , c G , and c s G be, respectively, the copula density functions of C N , C G , and C s G . We also define the lower-u tail events by a set of conditional quantile-exceedances:
and the upper-u tail events by another set of conditional quantile-exceedances: 
To further compare the implied cross-dependence structures of C N and C G , we plot c N and c G with τ = 0.2, 0.7 in Figure 1 , and summarize the main features of this figure as follows.
First, C N and C G both have a higher density at the 45 o line. This reflects the concordance implied by positive τ 's. Second, c N (u, u; ρ) and c G (u, u; ϑ) both increase with the magnitude of |u − 0.5|. This means that the clustering tendency of the lower-u (upper-u) tail events increases as u → 0 + (u → 1 − ). Third, this clustering tendency increases with the strength of concordance. Fourth, c N (u, u; ρ) is symmetric to u = 0.5, but c G (u, u; ϑ) is asymmetric to u = 0.5 and has a heavier upper tail. Therefore, these two copulae imply quite different tail properties. In accordance with the shape of c N and c G at the 45 o line, Hu (2006) referred to C N and C G as copulae with the "U-shaped" and "J-shaped" dependence structures, respectively. In addition, because c s
G is mirror-symmetric to c G about the line: u 1 = 1 − u 2 when ϑ = ϑ s . By this mirror-symmetry, it should be understood that C s G is a copula with the "L-shaped" dependence structure (heavier lower tail). Similar to C N , the t copula also has the Ushaped dependence structure. These terminologies are useful to reflect the dissimilarities between the tail properties implied by these copulae.
c G (τ = 0.7) Figure 1 . The normal and Gumbel copula density functions.
To characterize such tail properties more formally, we also define the lower-u taildependence measure by the conditional probability:
and the upper-u tail-dependence measure by the conditional probability:
where C s o is the survival copula of C o , and C o is temporarily assumed to be static, under assumption [A] . Note that
It is easy to see that λ L (u) and λ U (u) are invariant to the replacements of A 2L (u)|A 1L (u) and A 2U (u)|A 1U (u), respectively, and they are bounded in [0, 1] by the definition of probability. In fact, the Fréchet-Hoeffding inequality implies that the ratios:
Given these definitions, the lower-u tail events are independent if, and only if, λ L (u) = u; that is, IP(A 1L (u)|A 2L (u)) = IP(A 1L (u)). On the other hand, the upper-u tail events are independent if, and only if, λ U (u) = 1−u. By contrast, the inequality λ
no tail-dependence for any u. In Figure 2 , we show the implied differences:
7. This figure indicates that these differences are all positive if u = 0 and u = 1. In other words, they imply both lower and upper tail-dependence except for the extreme cases: u = 0, 1. For these two extreme cases, we have λ
that measure the lower extreme-values dependence and the upper extreme-values dependence, respectively; see, e.g., Joe (1997) . It is known that Embrechts, Lindskog, and McNeil (2003) and Schmidt (2004) . Some studies refer to a copula with λ * L = 0 (λ * U = 0) as a "lower-tail-independent" (an "upper-tail-independent") copula. However, this terminology ignores the difference between the tail events and the extreme events. To avoid the resulting ambiguity, we will distinguish the tail-dependence from the extreme-values dependence, and measure the former by λ L (u) and λ U (u) and the latter by λ * L and λ * U in this study.
This discussion demonstrates that C N , C G , C s G , and C t are all capable of interpreting concordance, but they may have quite different tail-dependence, extreme-value dependence, or both structures. In the literature, there are many other parametric copulae. For example, the Frank copula has a U-shaped dependence but no extreme-values dependence. The Clayton copula has an L-shaped dependence and lower-extreme-values dependence. The Clayton-survival copula has a J-shaped dependence and upper-extreme-values dependence. We may even accommodate various cross-dependence structures by using a mixed copula that combines different copulae with different weights; see, e.g., Hu (2006) . The M test can be applied to any of these parametric copulae. Nevertheless, it seems unlikely to consider all possible copulae in empirical studies. It should be more reasonable to conduct certain sensible representative ones, and then check whether these copulae need to be re-specified. The M tests with properly selected φ's are useful for this task.
Following Jondeau and Rockinger (2006) and Patton (2006a) , we can easily extend our discussions to dynamic copulae by specifying the copula parameters as certain dynamic functions of x t . Specifically, we can define the dynamic normal copula C N (u 1 , u 2 |x t ; θ) by using the DCC coefficient ρ t = ρ t (x t ; θ), such as that of Tse and Tsui (2002) :
. By using the dynamic parameters ϑ t = 1− 2 π arcsin(ρ t ) and ϑ s,t = 1 − 2 π arcsin(ρ t ) in place of the parameters ϑ and ϑ s of the static C G and C s G , we can also define the dynamic Gumbel copula C G (u 1 , u 2 |x t ; θ) and the dynamic Gumbelsurvival copula C s G (u 1 , u 2 |x t ; θ), respectively. Similarly, we can define the dynamic t copula C t (u 1 , u 2 |x t ; θ) by using the same ρ t to replace the CCC coefficient ρ of C t (u 1 , u 2 ; ρ, ν). By fixing the same ρ t , these dynamic copulae have the same dynamic Kendall's tau τ (x t ; θ) in the population, but still have different tail-dependence structures characterized by the
These dynamic copulae degenerate to the static counterparts as ρ t = ρ for all the t's. The tests introduced below are applicable to both the static and dynamic copulae.
Concordance Test and Tail-Dependence Tests
By definition, it is easy to see that the condition IE[φ ot |I t−1 ] = 0 is satisfied for all the following φ's:
and
where u t = (u 1t , u 2t ) , under the null hypothesis. In what follows, we refer to the M test
For the M τ test, we have the derivatives:
, and IE[p it F it ] and hence the estimation-uncertainty-associated parameters: η co and η io by using their sample counterparts. Given these estimators, the transformationφ t in (14) and hence the M τ test statistic are immediately computable.
is the copula density function of C(u|x t ; θ) and u = (u 1 , u 2 ) . By definition, we have
we can re-express this conditional expectation as
Denote
under the null hypothesis. Following the same argument, it is easy to see that
. Importantly, these expectations are free of the Dirac delta function, and hence can be directly estimated using their sample counterparts in practical applications. Given the estimators of IE[∇ θ φ t ] and these expectations, the M L(u) test becomes immediately applicable.
under the null hypothesis. Given the estimators of IE[∇ θ φ t ] and these expectations, the M U (u) test is applicable. L(u) , and M U (u) tests are designed to check the criteria of concordance, lower-u tail-dependence, and upper-u tail-dependence individually. These individual tests are expected to be powerful against the copula mis-specifications in the directions of concordance, lower-u tail-dependence, and upper-u tail-dependence, respectively. Therefore, they are useful to identify the possible causes of copula mis-specification and to refine the mis-specified copula. In financial applications, the M τ test may also be used to evaluate the adequacy of copula in characterizing the market co-movements in normal times. There are some studies that check the VaR validation by using a graphical comparison between the observed tail frequencies and the theoretical tail probabilities, implied by the copula used to evaluate VaR, at different confidence levels u ∈ (0, 1); see, e.g., Cherubini and Luciano (2001) . Clearly, the M L (u) and M U (u) tests formalize such a graphical comparison method, and the index u may be interpreted as the associated confidence level. As such, these tail-dependence tests should be particularly useful for evaluating the VaR validation and the related risk-management applications.
This demonstrates some potential importance and applicability of these individual tests. Nonetheless, it is quite possible that a mis-specified copula may satisfy the criterion of concordance but fall short of certain tail-dependence criteria, as implied by the discussion of Section 3.1 and as we will show in the simulation. Similarly, it is also possible that a mis-specified copula may satisfy the tail-dependence criterion for certain u's but fail to satisfy this criterion for other u's. Therefore, in addition to the individual tests, it is also important to evaluate various criteria simultaneously. In our approach, we can easily establish such a test by basing the M test on certain multi-dimensional testing indicators. In particular, we may base the M test on the following 2p-dimensional φ:
for some v i ∈ (0, 0.5), v i < v i+1 , and i = 1, 2, . . . , p. We refer to this test as the M LU test. The M LU test statistic can be easily computed by re-defining the transformationφ t in (14) as a 2p × 1 vector composed of theφ t 's implied by the
. ., and M U (1−v 1 ) tests. This test statistic has the asymptotic null distribution χ 2 (2p). Unlike the above-mentioned M tests, the M LU test can check the copula mis-specifications for various tail-dependence structures at the same time.
In addition, we can also easily extend the
, and M LU tests to the multivariate copula tests by replacing the bivariate Kendall's tau and tail-dependence measures with their multivariate generalizations. Specifically, as noted by Nelsen (2002) , the bivariate Kendall's tau in (19) has a multivariate generalization:
where u = (u 1 , . . . , u n ) for some n ≥ 2. Accordingly, we can base the multivariate concordance test on the testing indicator:
where u t = (u 1t , u 2t , . . . , u nt ) and τ (x t ; θ) is defined by (27) using C(u|x t ; θ) in place of C(u). By replacing the bivariate copula with the n-dimensional copula, we can also define the multivariate tail-dependence measures λ L (u|x t ; θ) = 1 u C (u, u, . . . , u|x t ; θ) and λ U (u|x t ; θ) = 1 1−u C s (1−u, 1−u, . . . , 1−u|x t ; θ) and base the multivariate tail-dependence tests on the extended φ L(u) and φ U (u) :
These multivariate copula tests degenerate to the bivariate copula tests when n = 2. Cherubini, Luciano, and Vecchiato (2004, p.142) for more discussions regarding the multivariate survival copula.
As pointed out by a referee, it may also be worth noting that, by using the standardized residuals vector ε t to replace the PITs vector u t in the testing indicator φ t and by applying the generalized first-order asymptotics to re-derive the asymptotic distribution of the resulting " √ TD T ", we might also establish a class of moment-based tests for the entire multivariate conditional density model that is composed of the marginal models and the copula model. Similar to the concordance and tail-dependence tests, we may also base this class of tests on the correlation coefficients of ε t or the conditional quantile-exceedances of ε t to check the entire multivariate conditional density model in various directions. To focus on testing the copula model, we will not further pursue the details of this testing approach in the rest of this paper. 
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MONTE CARLO SIMULATION
In this simulation, we assess the finite sample performance of the proposed method. The CMD model being tested is of the form:
in which the marginal models F y i (y i |x t ; γ i ) are specified to have the AR(1) conditional Given T = 500, 1000, 2500, the 5% nominal level, and one thousand replications, we present the empirical sizes and powers of the M τ test in Table 1 and show the simulation results of the M LU test with (v 1 , v 2 , v 3 , 1−v 3 , 1−v 2 , 1−v 1 ) = (0.1, 0.3, 0.5, 0.5, 0.7, 0.9) and the associated M L(u) and M U (u) tests in Table 2 . To demonstrate the importance of correcting the effect of estimation uncertainty, we also report the empirical sizes and powers of the uncorrected tests in these two tables. Specifically, these uncorrected tests standardize the statistic √ TD T = T −1/2 T t=1φ t using the sample counterpart of IE[φ ot φ ot ], rather than the estimator of the estimation-uncertainty-corrected asymptotic variance Ω o . 
Co test T =500 1000 2500 T =500 1000 2500 T =500 1000 2500 T =500 1000 2500 Notes: The bold entries represent the empirical sizes in percentages, and the others are the empirical powers in percentages. The "uncorrected" blocks correspond to the tests without the correction for estimation uncertainty.
From these two tables, it can be seen that these uncorrected tests are substantially under-sized in most cases. Importantly, this distortion may not be remedied, but could be instead damaged, by the increase in T . On the contrary, the empirical sizes of the M test are quite close to the 5% nominal level for both the continuously differentiable testing indicator: φ τ and the discrete testing indicators: φ L(u) and φ U (u) and for both the one-dimensional testing indicators: φ τ , φ L(u) , and φ U (u) and the multi-dimensional testing indicator: φ LU . A mild exception appears in the case where the M LU , M L (0.1), and M U (0.9) tests have the empirical sizes: 10.9%, 10.1%, and 11.6% when C o = C I and T = 500. Nonetheless, this distortion disappears as T = 1000. This size performance does not only demonstrate the importance of correcting the estimation uncertainty effect but also support the validity of the generalized first-order asymptotics used in Section 2.
These two tables also show that the empirical powers of the uncorrected tests are generally smaller than those of the corrected tests. In addition, the M tests have quite good performance against the copula mis-specifications that they are designed to detect. The empirical powers of the M τ test against the mis-specified C I rapidly increase with the Kendall's tau of C o and the sample size, regardless of whether
This means that this test can successfully capture the concordance structures ignored by C I . Interestingly, the empirical "powers" of the M τ test against the mis-specified C N are close to (or slightly greater than) the 5% level in both cases where C o = C G and C o = C t . This is quite a reasonable result because it reflects the fact that C N is also capable of interpreting the concordance structure implied by C G and C t . Nevertheless, it also reminds us that we should not completely rely on the concordance test to conclude the adequacy of copula, as discussed in Section 3.2.
Indeed, what C N cannot interpret are the tail-dependence structures of C G and C t . As expected, the M LU test is quite powerful in these directions. Table 2 shows that, given T = 2500, the M LU test is of the empirical power: 99.8% against the mis-specified C N when C o = C G and τ = τ 2 , and it has the empirical power: 99.1% against the mis-specified C N when C o = C t and τ = τ 1 . This shows that the M LU test can successfully discriminate between the copulae with different tail dependence structures for proper T 's and τ 's.
Table 2 also shows that, given τ = τ 2 and T = 2500, the
, and M U (0.9) tests are, respectively, of the empirical powers: 70.6%, 47.7%, 5.7%, 6.2%, 65.2%, and 99.5% against the mis-specified C N when C o = C G . Quite remarkably, this "J-shaped" power performance is consistent with the dissimilarity between the J-shaped dependence of C o = C G and the U-shaped dependence of C N , as discussed in Section 3.1; see also Figure 2 for why the M U (0.9) test has a higher power than the M L (0, 1) test. Given τ = τ 1 and T = 2500, these tests are, respectively, of the empirical powers: 84.8%, 14.9%, 5.8%, 5.8%, 16.1%, and 84.6% against the mis-specified C N when C o = C t . This "U-shaped" performance is also consistent with the symmetric lower-and upper-extreme-values dependence of C o = C t that cannot be interpreted by C N . Such a power performance is quite encouraging. It shows the usefulness of the proposed individual tests in shedding light on the possible directions of copula mis-specification. This property is important because C o is unknown in practical applications and we have to identify the possible causes of mis-specification before re-specifying the mis-specified copula model. Theoretically, we may not completely and fairly compare our tests with the densityestimates-based tests of Chen, Fan, and Patton (2004) on the same basis because they are based on differently designed contexts. Unlike our tests, their tests are designed for the semi-parametric CMD context that replaces the parametric standardized errors distribution F ε i (·|x t ; β i ) with the empirical distribution function of the standardized residualŝ ε it 's. Because the parametric and semi-parametric modelling approaches both exist in the copula studies, these two classes of tests may have different potential applicants and should not be exclusive to each other. Nonetheless, we may still discuss the performance of the tests that is to some extent based on the same simulation design. Chen, Fan, and Patton (2004) introduced two density-estimates-based tests: "Test 1" and "Test 2". The former is a multivariate-density-estimate-based consistent test, while the latter is a univariate-density-estimate-based inconsistent test. By basing on some particular choices of kernel and bandwidth, their simulation shows that given T = 500, 2500, and 5000, Test 1 (Test 2) has, respectively, the empirical sizes: 0.0%, 0.4%, and 5.2% (0.4%, 2.0%, and 3.2%) under the null hypothesis C o = C N when ρ = 0.1, and the empirical sizes become 0.0%, 2.4%, and 4.0% (1.6%, 2.4%, and 2.4%) as ρ = 0.5; see Tables 5 and 6 of their paper. This indicates that although the density-estimates-based tests are asymptotically free of the standardized error distribution specifications, they could be obviously undersized in small and moderate samples. In comparison, although the moment-based tests have much better size performance, they require the correctly specified standardized error distributions. Such trade-offs are common between the parametric and semi-parametric statistical methods. From these aspects, we interpret the moment-based tests as complements, rather than substitutes, to the density-estimates-based tests.
AN EMPIRICAL APPLICATION
In this section, we apply the concordance and tail-dependence tests to an empirical study of stock market relationships. Our discussions will mainly focus on the bivariate C N , C G , C s G , and C t , and finally extend to the trivariate C N and C t . Similar to Hu (2006) , we view C N , C G , and C s G as the representative ones with the U-shaped, J-shaped, and L-shaped dependence, respectively. Recall that the t copula also has the U-shaped dependence. If the true copula has the L-shaped (J-shaped) dependence, then the cross-dependence of downside markets is stronger (weaker) than that of the upside markets. By contrast, if the true copula is of the U-shaped dependence, then there will be no such asymmetry. This asymmetry (symmetry) is conceptually very close to the correlation asymmetry (symmetry), studied by Longin and Solnik (2001) and Ang and Chen (2002) , which is known to have important implications for portfolio diversification and risk management.
The data used in our analysis include seven major stock price indices: the Standard & Poor 500 (SP) and Russell 2000 (RS) of the U.S., the Financial Times Stock Exchange 100 (FT) of the U.K., the Compagnie des Agents de Change 40 (CA) of France, the Nikkei 225 (NK) of Japan, the Hang Seng (HS) of Hong Kong, and the Taiwan weighted (TW) from January 1, 1995 through December 31, 2003. These data are obtained from Yahoo!Finance. Let P it be the closing price of stock index i at date t and in the local currency. This empirical study is based on the daily returns:
where t denotes the t-th common calendar trading date of these markets in the sample. The sample size is T = 1915. We consider twenty-one pairs of returns y t = (y 1t , y 2t ), including the U.S. returns: SP-RS, the U.S.
-European returns: SP-FT, SP-CA, RS-FT, RS-CA, the European returns: FT-CA, the Asian returns: NK-HS, NK-TW, and HS-TW, the U.S.-Asian returns: SP-NK, SP-HS, SP-TW, RS-NK, RS-HS, and RS-TW, and the
European-Asian returns: FT-NK, FT-HS, FT-TW, CA-NK, CA-HS, and CA-TW.
In Table 3 , we show the first four sample moments of returns. Not surprisingly, these returns are all leptokurtically distributed. This evidence precludes the marginal normality and hence the bivariate normality for all the return combinations. To see if the return series are i.i.d., we further check the null of serial independence using the Ljung-Box (1978) test, the McLeod-Li (1982) test, and the time reversibility (TR) test of Chen (2003) . These tests are, respectively, powerful against serial correlation, volatility clustering, and time irreversibility (asymmetry in dynamic dependence, such as the leverage effect). These power directions will provide us with useful information to establish suitable marginal models when the null of serial independence is rejected. We show the test statistics in the same table, and describe the tests in the footnotes to this table.
Given the 5% significance level, these tests indicate that most return series are likely to be serially correlated, volatility-clustered, and time irreversible. The case of NK is the only case that has volatility clustering but serial uncorrelatedness and time reversibility. Nevertheless, all of these returns are dynamically dependent and need to be explained using some 
, and Φ(yt,
, has the asymptotic null distribution χ 2 (m). This statistic is evaluated atβ = 0.5 and m = 5; see Chen (2003) for the finite sample performance. The symbol * represents significance at the 5% level. The 95% critical values of χ 2 (5) and χ 2 (10) are, respectively, 11.0705 and 18.3070.
suitable GARCH-type models. We consider the AR-GARCH and AR-EGARCH models with different orders, and check their adequacy using the standardized-residuals-based counterparts of the Ljung-Box, McLeod-Li, and TR tests, referred to as the diagnostic tests, that are corrected for estimation uncertainty. In Table 4 , we show the Gaussian QMLEs and the diagnostic test statistics of the selected GARCH-type models: SP1, RS1, FT1, CA1, NK1, HS1, and TW1. We observe that NK1 is the only case that has the GARCH specification and the other cases all have the EGARCH specification. The diagnostic tests accept that these GARCH-type models can successfully interpret the serial dependence of y it |I
t−1 i
for all the return series.
However, as discussed in Section 2, the marginal models for the copula analysis must be based on the same information set I t−1 . Therefore, we have to further check whether the "y it |I t−1 i model" is mis-specified for y it |I t−1 due to ignoring certain important I t−1 jbased variables, i = j and i, j = 1, 2, before the bivariate copula analysis. This detection is essential but often ignored in the empirical studies; Patton (2006a) is an important exception that emphasizes the role of this detection in applying the conditional Sklar theorem. In our study, we conduct the causality-in-mean and causality-in-variance tests of Cheung and Ng (1996) for this detection. In Table 5 , we show the causality test statistics for the twenty-one pairs of models generated by different combinations of SP1, RS1, FT1, CA1, NK1, HS1, and TW1. 
, where y jt denotes the HS return, for RS2, (7) m it = α m1 y i,t−1 + α m2 y i,t−2 + α m3 y j,t−1 , h it = h e it , where y jt denotes the SP return, for FT2, (8)
, where y jt denotes the SP return, for CA2, (9) m it = α m1 y j,t−1 , h it = h g it , where y jt denotes the SP return, for NK2, (10) Table 3 with the correction for estimation uncertainty; see Chen (2003) for the the TR test and Chen (2005) for the Q * 11 and Q * 22 tests. Under the null of conditional normality, the Kiefer-Salmon test statistic is of the form:
t andεt denotes the standardized residuals; as discussed by Bontemps and Meddahi (2005) , this test is applicable to the standardized residuals of the GARCH-type models. "skewness" and "kurtosis" are, respectively, the sample skewness and kurtosis coefficients of the standardized residuals. TW2  FT3  CA3  NK3  HS3  TW3  NK4  HS4  TW4  NK5  HS5  TW5 αmo Notes: The entries (in the parentheses) are the Gaussian QMLEs (and their standard deviations) of the GARCH-type models:
where y jt is the SP return, for TW2, (12)
, where y jt is the RS return, for FT3, (13)
, where y jt is the RS return, for CA3, (14) 
, where y jt is the RS return, for HS3, (16) Cheung and Ng (1996) . In this study, we set m = 10. For the upper-triangle (lower-triangle) parts of the test statistics matrices, the row denotes the y 1t |I This table shows that the causality test statistics are insignificant at the 5% level for only the following four combinations: SP1-RS1, FT1-CA1, NK1-HS1, and NK1-TW1. By contrast, the causality-in-mean test statistics are obviously significant for the remaining seventeen combinations. The test result indicates that the conditional means of the Asian (European) returns are likely to be strongly influenced by the past U.S. and European (U.S.) return shocks. It can also be seen from this table that the conditional variance of NK1 (HS1) is significantly influenced by the past volatility shocks of SP1, RS1, and FT1 (SP1 and RS1); moreover, the conditional variance of HS1 is also affected by the past volatility shocks of TW1, and vice versa. As such, we have to modify these seventeen pairs of models by taking into account this empirical evidence.
For this purpose, we extend the conditional mean (variance) specifications of the models that have the significant causality-in-mean (causality-in-variance) test statistics by considering the associated y j,t−k 's (y 2 j,t−k 's), for some k ≤ 10, as additional explanatory variables. Then, we re-check the extended "y it |I t−1 model" using the causality tests and the diagnostic tests. This method successfully generates sixteen pair of models: SP1-FT2, SP1-CA2, SP1-NK2, SP1-HS2, SP1-TW2, RS1-FT3, RS1-CA3, RS1-NK3, RS2-HS3, RS1-TW3, FT1-NK4, FT1-HS4, FT1-TW4, CA1-NK5, CA1-HS5, and CA1-TW5. The Gaussian QMLEs and the diagnostic test statistics of these models are shown in Table 4 , and the causality test statistics are reported in Table 6 . These test statistics are all insignificant at the 5% level. The returns combination: HS-TW is the only exception in that we are unable to find the suitable y it |I t−1 models by this method, so that it is precluded in the rest of this empirical study. The following discussion will be based on SP1-RS1, FT1-CA1, NK1-HS1, NK1-TW1, and the sixteen above-mentioned combinations. Given these twenty pairs of GARCH-type models, we can accomplish the fully-specified marginal models by specifying suitable distributions for their standardized errors. For this purpose, we first check the normality of the standardized errors using the KieferSalmon (1983) test. Table 4 shows that the Kiefer-Salmon test statistic is significant at any reasonable level for all the cases. This means that the standardized errors of the marginal models may still be leptokurtic, asymmetric, or both, and hence need to be explained by some non-normal distributions. Because of its flexibility in accommodating asymmetry and leptokurtosis, we consider the use of Hansen's (1994) unconditional skewed t distribution. The QMLEs for this standardized errors distribution are shown in Table 7 . We also check this distribution specification by using Bai's (2003) test; see Table 7 . The resulting test statistics are insignificant at the 5% level for all the cases considered. This leads us to conclude the adequacy of the skewed t distribution in this empirical study. Given the marginal models and the QMLEs shown in Table 4 and Table 7 , we can further define theû t 's, the conditional PIT estimates, for our copula analysis.
It is common to check the null of serial independence as the first step in the time series analysis. Similarly, we may also test the null of C o = C I as the first step in the copula analysis. In Table 8 , we show the concordance and tail-dependence test statistics for this null hypothesis. Note that the M τ , M L(u) , and M U (u) test statistics used in this section all take the form of M T and have the asymptotic null distribution N (0, 1); the M LU test statistic has the asymptotic null distribution χ 2 (6). This table shows that the M τ test statistic are positive and significant at the 5% level in most cases except for SP1-NK2, SP1-TW2, RS1-NK3, RS1-TW3, and FT1-TW4. In comparison, the M LU test is significant at any reasonable level for all twenty pairs of marginal models (combinations of returns). This reflects the fact that these stock markets are closely related. As such, it is worth investigating their cross-dependence structures using more sensible copula models. Notes: The unconditional skewed t distribution for standardized errors is of the probability density function:
, where a := 4ςc
with ς ∈ (−1, 1) denoting the skewness parameter and ν ∈ (2, ∞) denoting the degrees of freedom. This distribution degenerates to the standardized t distribution with ν degrees of freedom as ς = 0. The entries (in the parentheses) are the QMLEs (and their standard deviations) obtained by the second-stage QML estimation: SP1  SP1  SP1  SP1  SP1  SP1  RS1  RS1  RS1  RS2  RS1  FT2  CA2  NK2  HS2  TW2  FT3  CA3  NK3  HS3 4.453 * RS1  FT1  FT1  FT1  FT1  CA1  CA1  CA1  NK1  NK1  TW3  CA1  NK4  HS4  TW4  NK5  HS5  TW5  HS1 Notes: The entries of this table are the realizations of the information matrix test statistic "IMs" of Bera and Kim (2002, p.180) . Under the null hypothesis of CCC, this test statistic has the asymptotic null distribution χ 2 (1). The symbol * represents significance at the 5% level.
Before estimating the copula models, we first conduct the information matrix test of Bera and Kim (2002) to check whether the hypothesis of CCC holds for these twenty return combinations. The resulting test statistics are shown in Table 9 . It can be seen from this table that this test significantly rejects this hypothesis for seven return combinations: SP1-RS1, SP1-HS2, SP1-TW2, RS1-FT3, RS2-HS3, FT1-HS4, and CA1-NK5, but not for the remaining return combinations, at the 5% significance level. According to this test result, we fit the dynamic C N , C G , C s G , and C t to the former and estimate the static C N , C G , C s G , and C t for the latter. In estimating the dynamic copulae, the DCC coefficient ρ t is specified in the form of (21) because of its simplicity and good performance, as illustrated by Tse and Tsui (2002) . The QMLEs of the static copulae and the dynamic copulae are, respectively, shown in Tables 10 and 11 . We also show the M test statistics for the null hypotheses: Tables 12, 13 , 14, and 15, respectively.
To avoid the difficulty in evaluating the derivative of the copula function ∇ θ C(u|x t ; θ), we compute tail-dependence test statistics for the t copula (and the trivariate copulae) by using the representation The main test results are summarized as follows. First, the M τ test statistic becomes insignificant at the 5% level for all the combinations, regardless of whether C N , C G , C s G , or C t is being tested. This demonstrates that these bivariate copulae are all capable of SP1  SP1  SP1  RS1  RS1  RS1  FT1  FT1  FT1  CA1  CA1  NK1  NK1  FT2  CA2  NK2  CA3  NK3  TW3  CA1  NK4  TW4  NK5  TW5  HS1 RS1  FT1  FT1  FT1  FT1  CA1  CA1  CA1  NK1  NK1  TW3  CA1  NK4  HS4  TW4  NK5  HS5  TW5  HS1 SP1  SP1  SP1  SP1  SP1  SP1  RS1  RS1  RS1  RS2  RS1  FT2  CA2  NK2  HS2  TW2  FT3  CA3  NK3 RS1  FT1  FT1  FT1  FT1  CA1  CA1  CA1  NK1  NK1  TW3  CA1  NK4  HS4  TW4  NK5  HS5  TW5  HS1 interpreting the concordance structure of the return combinations captured by the positive and significant M τ test statistics for the null of C o = C I . This also indicates that, as shown by the simulation and implied by the discussion of Section 3.1, the tail-dependence tests are more important than the concordance test in discriminating between various copula models.
Second, the M LU , M L (u), and M U (u) tests accept the null of C o = C N for sixteen out of the twenty return combinations; the only exceptions include SP1-FT2, SP1-CA2, RS1-TW3, and FT1-CA1. By contrast, the null of C o = C G is accepted by all these tests for only three return combinations: SP1-NK2, SP1-TW2, and CA1-TW5. The null of C o = C s G is accepted by all these tests for seven return combinations: SP1-NK2, SP1-HS2, SP1-TW2, RS2-HS3, FT1-TW4, CA1-TW5, and NK1-TW1. Consequently, the normal copula evidently outperforms the Gumbel and Gumbel-survival copulae in this study. Given this good performance of C N , it is not surprising to see that the t copula also outperforms the Gumbel and Gumbel-survival copulae because C t is a generalization of C N . Indeed, the tail-dependence tests are unable to reject the null of C o = C t for all the return combinations considered. Third, the above results enable us to characterize the cross-dependence structures of these return combinations (most of these combinations) by using the t copula (the normal copula). Because C N and C t are both of the U-shaped dependence, this implies that the co-movements of these stock markets will be further strengthened in turbulent periods. Moreover, this structure should symmetrically hold for both the downside and upside markets, and hence does not support the hypothesis of "correlation asymmetry". The t copula generates the same order and very similar Kendall's tau estimates. As noted in Section 3.1, the strength of the U-shaped dependence of C N increases with Kendall's tau. This sort does not only show the variety of this strength across different return combinations, but also reveals the fact that this variety may be related to different factors, such as intra-national/international markets, overlapping/non-overlapping trading hours, and market scale.
Fifth, the significant M L(0.1) (M U (0.9) ) test statistics for the mis-specified Gumbel copula are all positive (negative). By contrast, the significant M L(0.1) (M U (0.9) ) test statistics for the mis-specified Gumbel-survival copula are all negative (positive). This illustrates that the Gumbel (Gumbel-survival) copula tends to under-estimate (over-estimate) the lower tail-dependence but to over-estimate (under-estimate) the upper tail-dependence for large |u|'s in this empirical study. Interestingly, this test result is consistent with the dissimilarity between the J-shape (L-shape) dependence implied by the Gumbel (Gumbelsurvival) copula being rejected and the U-shaped dependence implied by the normal (or t) copula being accepted. This demonstrates that the M L(u) and M U (u) tests are useful in identifying the directions of copulae mis-specifications, as shown in the simulation.
Finally, we extend our analysis to the trivariate normal and t copulae based on the following return (marginal model) combinations: SP1-RS1-FT2, SP1-RS1-NK2, RS1-FT3-CA3, RS1-FT3-NK3, RS1-FT3-TW3, FT1-CA1-NK5, FT1-CA1-TW4, CA1-NK5-HS5, and CA1-NK5-TW5. These combinations are selected because the associated pairwise causality-in-mean and causality-in-variance test statistics are insignificant at the 5% level, so that their marginal models are directly applicable to the trivariate copula analysis.
The static trivariate C N and C t are, respectively, of the forms: where n = 3, u = (u 1 , u 2 , u 3 ) , v = (v 1 , v 2 , v 3 ) , and R denotes the 3×3 correlation matrix with the (i, j)-th element ρ ij = 1 if i = j = 1, 2, 3 and ρ ij = ρ ji ∈ (0, 1) if i = j. By using the test of Bera and Kim (2002) , we observe that the ρ 12 -CCC hypothesis is rejected for SP1-RS1-FT2, SP1-RS1-NK2, RS1-FT3-CA3, RS1-FT3-NK3, and RS1-FT3-TW3, the ρ 13 -CCC hypothesis is rejected for CA1-NK5-HS5, and the ρ 23 -CCC hypothesis is rejected for SP1-RS1-FT2 at the 5% significance level. In these cases, we replace the static ρ ij with the DCC coefficient ρ ij,t , which takes the form (21). The QMLEs of the trivariate normal and t copulae are shown in Table 16 . The causality and CCC test statistics are not reported for the sake of brevity.
Unlike the bivariate case, the multivariate Kendall's tau in (27) does not have a closed form for the trivariate normal and t copulae to the best of our knowledge, so that it is difficult to perform the multivariate M τ test in this situation. Nonetheless, we may still check these two trivariate copulae by using the multivariate M LU , M L(u) , and M U (u) tests. The latter may be more important than the former in discriminating between two non-C I copulae, as shown in the bivariate copula analysis. We show these tail-dependence test statistics in Table 17 . For the trivariate normal copulae, this table indicates that the M LU test statistic is insignificant at the 5% level for all but the case of RS1-FT3-NK3 that has a marginally significant test statistic; the M L(u) and M U (u) test statistics are also insignificant in most cases except for the M L(0.3) test statistic which is significant for the combinations SP1-RS1-NK2, RS1-FT3-NK3, and FT1-CA1-NK5. In comparison, the M LU , M L(u) , and M U (u) test statistics for the trivariate t copulae are insignificant for all the cases considered. As such, the trivariate C N and C t perform quite well in this empirical example. Note that these two trivariate copulae also have the U-shaped dependence at the 45 o line: u 1 = u 2 = u 3 = u ∈ (0, 1). Therefore, similar to the bivariate case, this extended analysis shows that the stock market relationships tend to be symmetrically strengthened in both the downside and upside markets.
CONCLUSION
In empirical finance, there is a rapidly growing interest in studying the cross-dependence structures of financial returns using copulae because of their modelling flexibility. To avoid the problems caused by copula mis-specification, it is important to check copulae by using formal statistical tests. In this paper, we propose a flexible class of momentbased copula tests in a generalized parametric copula-based multivariate dynamic context. The proposed method takes into consideration the estimation uncertainty, which is quite essential but has often been ignored in related studies. This method can be applied to generate various tests with distinctive power directions. On the basis of Kendall's tau, we obtain the concordance test that checks copulae in the direction of concordance (or dis-concordance). On the basis of the conditional probabilities of quantile-exceedances, we also develop a set of tail-dependence tests that detect copulae in their tail properties, either individually or simultaneously. These tests may be useful for risk management and other financial applications. The simulation shows the importance of correcting for the effect of estimation uncertainty in testing copulae and provides evidence that supports the validity of our tests. Finally, we also apply our tests to an empirical study on stock market relationships. This empirical study shows that the normal and t copulae outperform the Gumbel and Gumbel-survival copulae in characterizing the cross-dependence structures of stock index returns. SP1  SP1  RS1  RS1  RS1  FT1  FT1  CA1  CA1  RS1  RS1  FT3  FT3  FT3  CA1  CA1  NK5  NK5  FT2  NK2  CA3  NK3  TW3  NK5  TW4  HS5 SP1  SP1  RS1  RS1  RS1  FT1  FT1  CA1  CA1  RS1  RS1  FT3  FT3  FT3  CA1  CA1  NK5  NK5  FT2  NK2  CA3  NK3  TW3  NK5  TW4  HS5 
